Abstract. We compute the anomalous dimensions of the flavour non-singlet twist-2 Wilson operators in the RI ′ /SMOM scheme at two loops in an arbitrary linear covariant gauge. In addition we provide the full Green's function for these operators inserted in a quark 2-point function at the symmetric subtraction point. The three loop anomalous dimensions in the Landau gauge are also derived. 
Introduction.
In a quantum field theory the behaviour of the Green's functions or n-point functions derived from the Lagrangian carry all the information about the dynamics of the quantum particles. For the vast majority of quantum field theories, however, it is impossible to extract their behaviour for all ranges of momenta and parameters, such as the particle masses and coupling constants. Instead one invariably examines them in various regions of interest, such as at high or low energy, using a variety of techniques. For instance, at high energy in Quantum Chromodynamics (QCD) one uses perturbation theory since the coupling constant is small as a consequence of asymptotic freedom, [1, 2] . By contrast at low energy perturbation theory breaks down and non-perturbative methods have been developed and refined to give credible information. The central tool at this energy is lattice gauge theory involving an intense amount of numerical computations on high performance computers. This approach has in general been hugely successful in determining bound state masses, for example, and exploring the structure of nucleons. For instance, matrix elements of the underlying operators used in deep inelastic scattering, known as Wilson operators, play a key role in this, [3] . The behaviour of such matrix elements at low energy is useful in extracting theoretical information for parton structure functions. In outlining the general aspects of Green's functions in understanding the dynamics of the strong nuclear force, we are overlooking the huge technical effort which is required to ensure accurate estimates are obtained. For instance, as one is dealing with a quantum field theory, the operators undergo renormalization, [3] . Equally when one produces estimates from a low energy computation on the lattice one has to be assured that the result is consistent with and extrapolates onto the high energy behaviour of the same object which can be computed within perturbation theory. Indeed there has been a large degree of activity on the lattice in this respect for quark currents and Wilson operators. For instance, see [4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20] for representative analyses.
For the continuum computations one usually calculates in the MS scheme which is a mass independent renormalization scheme. The advantage of this scheme is that it is one in which the largest order of perturbation theory can be determined. However, defining the same scheme for lattice calculations is not as easy since it invariably requires a numerical differentiation on the lattice. Taking such derivatives carries a financial penalty. Therefore, alternative schemes have been developed for lattice gauge theory which avoids the use of derivatives. Such a class of schemes is generally referred to as Regularization Invariant (RI), [21, 22] . However, there are two main types. The original class involves RI itself and a modified version known as RI ′ , [21, 22] . These are similar in that QCD is renormalized for 3-point and higher Green's functions according to the MS prescription but for 2-point functions such as those determining propagator corrections, the renormalization condition is defined by ensuring that the contributions from radiative corrections at the subtraction point are absent. In this class of schemes we include the zero momentum insertion of an operator in, say, a quark 2-point function. The modified scheme, RI ′ , differs from RI in the way the quark wave function is defined, [21, 22] . Whilst originally defined in [21, 22] specifically in the context of the lattice, this scheme has also been studied in the Landau gauge in the continuum at three and four loops, [23] , and at three loops in an arbitrary linear covariant gauge, [24] . Subsequently, the Green's functions of a variety of low moment twist-2 flavour non-singlet operators central to deep inelastic scattering inserted in a quark 2-point function were evaluated to three loops in MS and RI ′ , [25, 26] . This high order of perturbation theory provided useful information on matching the lattice measurement of the same object at high energy.
More recently a second class of regularization invariant schemes has been developed in [27, 28, 29] . It is termed RI ′ /SMOM where the first part of the designation indicates the RI ′ scheme definition of the quark wave function renormalization. The second refers to the method used to define the renormalization constants of 3-point functions with an operator insertion at nonzero momentum. As there are momenta flowing into each point of the Green's function, the renormalization is carried out at a symmetric point where the squared momenta of all three incoming momenta take the same value which is the origin of the S. The MOM indicates the ethos that was present in the overall RI definition in that the condition for defining the operator renormalization constant is to ensure that the part corresponding to radiative corrections at this symmetric subtraction point are absent. This particular scheme was developed to avoid the strong sensitivity of the RI ′ scheme to infrared effects, [27] , as well as to try and have a more rapidly convergent perturbation series for the conversion functions to the MS scheme. It was initially applied to the renormalization of the quark currents at one loop in [27] to determine the anomalous dimensions, amplitudes and conversion functions in the MS scheme. Subsequently, the two loop renormalization of the scalar and tensor currents was treated in [28, 29] with the anomalous dimensions and conversion functions being computed. Though with the knowledge of the two loop conversion functions the three loop Landau gauge anomalous dimensions were deduced too. More recently, the full set of amplitudes for the scalar, vector and tensor currents have been calculated at two loops in [30] .
Given that the measurement of nucleon matrix elements is of interest it is the purpose of this article to provide the anomalous dimensions and amplitudes for the second moment of the flavour non-singlet Wilson operator at two loops in RI ′ /SMOM. This will build on the analogous one loop computation of [31] . The treatment of this operator is complicated by the fact that it mixes with a total derivative operator. Ordinarily one is not concerned by this extra operator since if it were inserted at zero momentum it would give no contribution to the Green's function. However, the symmetric subtraction point of the RI ′ /SMOM scheme means that such total derivative operators play an active role and cannot be ignored. The full three loop MS mixing matrix of anomalous dimensions for this second moment operator was given in [32] . With the two loop conversion functions we will provide the three loop result in the RI ′ /SMOM scheme. One feature of the RI ′ /SMOM construction for the Wilson operators is the role the vector current has in the renormalization. Its relation to the Slavnov-Taylor identity was discussed in [27] at one loop, as well as two loop, [30] , and in the context of the Wilson operators in [31] . The divergence of the vector current resides within the total derivative operator into which the Wilson operator mixes. Hence, the two loop renormalization of the vector current and the associated RI ′ /SMOM amplitudes of the Green's function where this was determined, [30] , are important as checks on the computation presented here. Indeed partly related to this is that one has to ensure the renormalization of the second moment is consistent with one of the Slavnov-Taylor identities of QCD. Further, the third moment of the Wilson operator was also considered at one loop in [31] . From that it transpires that the renormalization of the higher moment operators is dependent on that of the lower moment operators of the tower with the vector current at the foundation. Therefore, the treatment of the n = 2 moment is relevant for that of the higher moment operators. Throughout we will use N f flavours of massless quarks and therefore all our expressions are in the chiral limit. Including masses for quarks is not currently viable as the basic scalar master Feynman integrals have not been evaluated for the momentum configuration of the Green's function we consider here.
The article is organized as follows. The background to the formalism we will use, notation and method to define and extract the scalar amplitudes of interest are discussed in section two. Section three is devoted to summarizing the main results of the RI ′ /SMOM computation of the second moment of the Wilson operator. The amplitudes are given numerically. Though the full exact expressions are recorded in the form of a set of tables. The results relating to the actual operator renormalization, such as the anomalous dimensions and conversion functions are provided in section four whilst we summarize our conclusions in section five.
Preliminaries.
First, we recall the key properties of the operators we will consider. We use the notation of [32] in this respect and denote
where D µ is the covariant derivative with all derivatives acting to the right and S indicates that the operator is traceless and symmetric in its Lorentz indices. Moreover, as we will be using dimensional regularization we regard the operators as being traceless in d-dimensions. So, for instance, we have
where O
3)
The total derivative operator denoted by ∂W 2 also obeys the same symmetrization. Throughout we concentrate on flavour non-singlet operators and omit the flavour indices on the quark fields ψ. Ordinarily when one renormalizes W 2 in perturbation theory the operator is inserted in a quark 2-point function, [3, 33, 34] , at zero momentum. Then the renormalization constant emerges under the assumption that the renormalization of this operator is multiplicative. This is not strictly speaking true. It is only true for that particular momentum routing through the quark 2-point Green's function with the operator insertion. If instead there was a momentum flowing out through the operator then there is a mixing with the total derivative operator. The Feynman rule for the latter operator vanishes when there is no momentum flow out through the operator which is why the momentum configuration of [3, 33, 34] is multiplicative. In other words for the full renormalization of W 2 one has to determine the mixing matrix of renormalization constants where ∂W 2 completes the set. As we are considering the renormalization of W 2 in the RI ′ /SMOM scheme we have to take this into account as the momentum setup for the underlying Green's function involves two independent momenta flowing in through the external quark legs and out through the operator itself. This is illustrated in Figure 1 .
The renormalization of the set of level W 2 operators has been carried out to three loops in the MS scheme in [32] . As we will require these later for the three loop RI ′ /SMOM scheme anomalous dimensions later we briefly recall the relevant results and formalism. First, irrespective of which scheme one works in the mixing matrix of renormalization constants is
Here we retain the notation of [31, 32] whereby the superscript indicates the operator level W 2 and the labels indicating the matrix elements respectively label the two elements of the operators in that set which are W 2 and ∂W 2 . Whilst W 2 is used to mean level and operator it will be clear from the context which is meant. The anomalous dimensions are formally defined by
where here and below W 2 represents the level, from which one can deduce the relations between the individual matrix elements are
(2.6)
and γ α (a, α) is the anomalous dimension of the gauge parameter. We retain our previous conventions, [31, 32] , for consistency. In the MS scheme since the operators W 2 and ∂W 2 are gauge invariant then the anomalous dimensions are independent of the gauge parameter. However, for mass dependent renormalization schemes, of which RI ′ /SMOM is an example, the anomalous dimensions are α dependent. Therefore, we recall that for the MS scheme
where ζ(z) is the Riemann zeta function and for this scheme we have omitted the part of the argument involving α to emphasise the absence of gauge dependence. The colour group Casimirs are defined by
where T a are the colour group generators with structure constants f abc and 1 ≤ a ≤ N A with N A the dimension of the adjoint representation. The coupling constant appearing in the covariant derivative is g but appears in (2.8) in the combination a = g 2 /(16π 2 ). The absence of a correction toγ
(a)
MS to this order is a reflection of the all orders result where there is no renormalization of ∂W 2 . This is because it corresponds to the vector current which is a physical operator and is not renormalized reflecting the Slavnov-Taylor identity of the underlying gauge theory. See, for example, [35] for background. Moreover, this property is retained in all schemes and we must ensure that the RI ′ /SMOM scheme renormalization respects this general feature.
In order to define the RI ′ /SMOM renormalization scheme for level W 2 we compute the Green's function illustrated in Figure 1 where the external momenta p and q are independent. However, we will focus totally on its structure at the symmetric subtraction point, [27] , which is defined as
where µ is the common mass scale. These relations imply
In order to determine the renormalization constant in the MS or RI ′ schemes one can proceed with only one external momentum. For instance, the choice p = − q corresponds to a zero momentum insertion before setting p 2 to be a specific scale involving µ 2 . Though in fact to determine the full mixing matrix in the MS scheme requires accessing the total derivative operators which is achieved by nullifiying the momentum of one of the external quark legs, [32] . As the operators we consider have free Lorentz indices then the Green's function has to be decomposed into a set of Lorentz invariant amplitudes. The basis for W 2 has already been constructed in [31] and we briefly recall the construction as well as the notation. First, we write the Green's function as
Here Σ O i (k) (p, q) are the scalar amplitudes for each of the two operators O i whereas P i (k) µ 1 ...µn i (p, q) are the Lorentz tensors of the basis whose Lorentz indices reflect the symmetries of the operator which has been inserted. For level W 2 there are ten independent Lorentz tensors and we will detail these later. To evaluate the scalar amplitudes we use the method of projection where we apply different linear combinations of the basis tensors to the Green's function in such a way that each amplitude is isolated in turn. More specifically we have, [32] ,
where M i kl is a matrix of rational polynomials in the spacetime dimension d. It is constructed by first determining the matrix N i kl which is defined by the contraction of the tensors of the basis with each of the other tensors via
(2.14)
Then M i kl is the inverse of N i kl . More specifically, the basis of Lorentz tensors into which we decompose the Green's functions with the operator insertions is, [32] , 
We note that here the label W 2 refers to the level and the same projection is used for ∂W 2 . In defining this basis we have used the set of generalized γ-matrices denoted by Γ
which are totally antisymmetric in the Lorentz indices and defined by, [36, 37, 38] ,
where the notation includes the overall factor of 1/n!. For simplicity we will retain the more natural notation for a single γ-matrix rather than use the clumsy Γ µ (1) . General properties have already been discussed in [39, 40] is especially appropriate as we will be using dimensional regularization and these objects form the complete basis for spinor space in d-dimensional spacetimes. Moreover, they allow us to see that the set (2.15) is complete. If there were more than two independent momenta in this problem then one would have to include matrices with n ≥ 4. One final comment on the basis choice and that is that the basis is not unique. One could choose different linear combinations of the tensors we use here but the overall structure of the Green's function would be unaltered. Though we have chosen to retain a degree of symmetry if one interchanges p and q. For the total derivative operator, ∂W 2 , which is symmetric under this then the amplitudes will also respect this property as will be evident in the explicit expressions.
Having dealt with the general structure of
we now need to outline the procedure to renormalize our operators in the RI ′ /SMOM scheme. There are a variety of ways of doing this. If for the moment we denote by 0 a particular amplitude or combination of amplitudes which contains all the divergent parts of the Green's function then we will use the renormalization condition
where d = 4 − 2ǫ in dimensional regularization. This is in keeping with the overall regularization invariant scheme ethos that there should be no O(a) finite parts for this particular amplitude combination 0, [27, 28, 29] . The renormalization constant Z
is the one which removes the divergences and leads to the anomalous dimension of the operator. However, as the operator has been inserted into a quark 2-point function then the wave function renormalization constant of these external quarks has to be considered which is reflected in Z RI ′ ψ . The annotation here is RI ′ as the 2-point functions of the theory are renormalized according to the original procedure of [21, 22, 23] . In the RI ′ scheme the 3-point and higher functions are renormalized according to the MS scheme so that their finite parts after renormalization are not unity. In [23] the Landau gauge three and four loop RI and RI ′ scheme quark field and mass anomalous dimensions were recorded. The anomalous dimensions of all the fields in an arbitrary linear covariant gauge were given at three loops in [24] . In the latter article the renormalization of the gauge parameter was also determined and the relation between the parameter definition in different schemes was established. For instance, if we denote the scheme in which the variable is defined in by a subscript then
and, [24] ,
These relations are important as we will be providing results in arbitrary linear covariant gauge in each scheme separately. Therefore the conversion of parameters between schemes has to be taken into account when comparing results and, moreover, when constructing conversion functions for the operators.
One reason we provide the amplitudes in both the MS and RI ′ /SMOM schemes is that it turns out that there is no definitive scheme definition for the latter. This is because in discussing the general scheme definition we alluded to channel 0 which represents some combination of the scalar amplitudes. This choice is not unique as indicated in [31] . For instance, one could extract the combination given by multiplying the Green's function by the Born term which was the approach of [27, 29] for the tensor current. However, one could equally ensure that that amplitude with the poles in ǫ has no O(a) terms after renormalization. Indeed this statement does depend on how one defined the basis tensors and therefore one has a range of choices as to how to define RI ′ /SMOM. Though as an aside the renormalization of ∂W 2 has to be carried out in such a way that it is consistent with the Slavnov-Taylor identity, [31] , since this operator is related to the divergence of the vector current which is conserved and a physical operator with zero anomalous dimension to all orders in perturbation theory in all renormalization schemes. The version of the RI ′ /SMOM scheme which we will use here is a direct extension of the one loop version given in [31] . There the coefficients of the channels 1 and 2 were used to define the W 2 renormalization constant. Two channels were used due to the fact that we have two renormalization constants to fix for the first row of the mixing matrix of (2.4). As with the three loop MS renormalization of [32] the counterterms are entwined with each other and so one has to solve a set of linear equations to fix the explicit values for each renormalization constant. Therefore, all the amplitudes which we record for RI ′ /SMOM are determined via that condition. Though we emphasise that this choice is not unique in order to define the renormalization constants. One could have, for instance, multiplied the Green's function by the Born term. Alternatively one could use the same combination of amplitudes as was used for ∂W 2 , [31] , for consistency with the Slavnov-Taylor identity of that operator. Though that would not be sufficient on its own as one would require a second independent projection to solve for both elements of (2.4). However, in order to assist with lattice computations in the situation where a different amplitude combination might be made to renormalize the operator, we provide the MS amplitudes as it is the canonical reference scheme as well as to facilitate making different variations on the scheme definition. This is because one can then readily convert from any scheme to MS for comparison. Indeed some lattice groups carry out their renormalization according to their own prescription before converting their results to MS prior to performing the actual matching to the continuum results.
Finally, having described the theoretical background to the problem we note how it was implemented in practical terms. The main tool used to handle the algebra of Lorentz indices, projection matrices and evaluation of the underlying Feynman graphs was the symbolic manipulation language Form, [41] . The actual Feynman diagrams themselves were constructed in electronic format by using the Qgraf package, [42] . These were then converted into the notation used for the Form computations where the colour and Lorentz indices were added. At one loop there were 3 graphs and at two loops there were 37 diagrams. The algorithm to evaluate the integrals comprising each Feynman graph was to first write them as scalar integrals. By this we mean in a form which is the starting point of the Laporta algorithm. Each integral is rewritten in terms of the denominator propagators as far as possible. For those cases where this is not possible the numerator tensor structure is written in terms of irreducible propagators. In this form one can apply the Laporta method, [43] , where a redundant set of linear equations is established between all the integrals by using integration by parts and Lorentz identities. These relations are then solved to express each required integral in terms of a small set of scalar master integrals. These have been evaluated directly and given in a set of articles, [44, 45, 46, 47] . A summary has been provided in [29] . Central to the construction of the Laporta algorithm used for the current problem was the use of the Reduze package, [48] , which is based on the Ginac system, [49] , which is written in C++. For the two loop Feynman integrals we needed to eval-uate, it turns out that there are only two basic momentum topologies for which one needs to construct the reduction of integrals. These are the ladder and its associated non-planar ladder. The momentum routing of all the Feynman graphs could be mapped to these two topologies and therefore, aside from the elementary one loop case, Reduze was only required to build two sets of integration by parts and Lorentz identity relations. The machinery derived for this set of operators was also used in constructing the two loop amplitudes for the quark currents, [30] . There the anomalous dimensions for the scalar and tensor currents reproduced the known results of [27, 28, 29] and therefore this provides us with a strong check on the routines which have been built and used for level W 2 here. Finally, in order to carry out the renormalization prior to deducing the values of the amplitudes, we follow the method of [50] for automatic calculations. We perform the computation for bare parameters and operators and then introduce the counterterms by rescaling all bare quantities with their renormalized equivalences. For the operators themselves this ethos also applies in that the bare operators are replaced by their renormalized counterparts defined by the structure of the mixing matrix, (2.4). Then the counterterms for the operators are fixed with respect to whichever is the scheme prescription after the known counterterms for the coupling constant and gauge parameter have been included from previous calculations.
Amplitudes.
This section is devoted to recording the amplitudes for the two second moment flavour nonsinglet Wilson operators, W 2 and ∂W 2 , inserted in the quark 2-point function. As there are quite a large number of amplitudes and two operators to provide the full set of expressions for in each scheme, we present the results of the finite parts in a set of Tables. We follow the same notation as [30] in recording the sets of numbers which appear as coefficients of both the group Casimirs as well as a set of basis numbers for each amplitude. The latter derive from the explicit values of the basic two loop scalar master Feynman diagrams which were summarized in [29] . More concretely our amplitudes are written in general as
Here the a
n are the basis of numbers which for simplicity also includes the gauge parameter. The label l here indicates both the loop order, as the first number in the two loop case, whilst the second number at two loops relates to a specific colour group Casimir. The coefficients c
are the actual rational numbers which appear in the appropriate piece of the amplitude as is evident from the Tables themselves. Clearly these reduce the space needed to display the explicit results and allows for easier comparison of the structure of the amplitudes between schemes. For the numbers in the basis we use the notation of [29] . For instance, ψ(z) is the derivative of the logarithm of the Euler Gamma function and
where Li n (z) is the polylogarithm function. The quantity Σ is a combination of various harmonic polylogarithms, [29, 47] ,
and this combination always appears.
Whilst the Tables * reflect the size of the computation undertaken for more practical purposes it is appropriate to provide the explicit numerical evaluation of the results. In order to achieve this we note that the explicit numerical values of the various numbers in the basis are taken to be ζ(3) = 1.20205690 , Σ = 6.34517334 , ψ ′ 1 3 = 10.09559713
Therefore, we can record the numerical values in both schemes. We have chosen to do this for the case of the SU (3) colour group. For the MS scheme we have 
The explicit results from which these numerical values were derived are recorded in Tables 1  to 12 . However, the equivalence between amplitudes indicated above for ∂W 2 are exact at two loops which is why we have not included parallel columns with the same values. Indeed these equivalences are a minor check on our computation as the tensor basis is clearly reflection symmetric when the operator insertion has the same property as is the case for ∂W 2 . Another check resides in the fact that some of the amplitudes for ∂W 2 are proportional to the two loop amplitudes for the vector current of [30] . For instance,
where V indicates the vector current in the notation of [31, 32] . Though it should be stressed that the associated amplitude basis tensors of each of the operators are not the same. This is trivial to see because of the mismatch in the number of Lorentz indices on each of the operators. Indeed this is why channel 4 of ∂W 2 does not feature in (3.7) as this index imbalance means that there are not the same number of amplitudes for each operator.
To illustrate that the Slavnov-Taylor identity is satisfied by the operator ∂W 2 we have to project out that part of the Green's function which contains the divergence of the vector operator and was discussed in [30, 31] . This is achieved by simply contracting the two free indices of the ∂W 2 operator. From the explicit forms of the amplitudes in the Tables the combination proportional to p / is
Clearly the right hand side is proportional to the finite part of the quark 2-point functions after renormalization in the MS scheme. A similar combination gives the part proportional to q / with the same expression to two loops. We emphasise that the MS renormalization constant used to renormalize ∂W 2 is the same as was used in [32] to construct the operator correlation functions.
For the RI ′ /SMOM scheme we have to be careful to define the renormalization of ∂W 2 so that the Slavnov-Taylor identity is satisfied. In other words the renormalization constant for ∂W 2 is already determined since the vector current is a physical operator and therefore its renormalization constant is unity in all schemes. However, for W 2 itself one has a large degree of freedom to define the RI ′ /SMOM scheme renormalization constant. This was discussed in [30, 31] and we follow the prescription used there. This was to fix the finite parts of the other renormalization constants of the W 2 level mixing matrix so that for those channels containing the poles in ǫ there was no O(a) corrections. Of course this is not the unique way of defining these renormalization constants. One could, for example, take some sort of projection of the Green's function and require that there is no O(a) correction for that particular combination. The fact that there is a degree of ambiguity is one of the reasons why we have provided the MS results. Given that we are extending [31] to two loops we follow that prescription here and record those results. The complete results are in Tables 13 to 23 
The same remarks made for the MS case concerning the equivalences indicated above between amplitudes for ∂W 2 and their proportionality with those of the vector operator of [30] also apply to the RI ′ /SMOM scheme results. So the relations of (3.7) are true when the MS indication is dropped. Equally we note that the Slavnov-Taylor identity is also satisfied in the RI ′ /SMOM scheme. The parallel computation to (3.8) is
to the order we have computed to. As the quark wave function renormalization constant is in the RI ′ scheme there are no O(a) corrections which indicates consistency with the SlavnovTaylor identity. As a final observation on the two loop values of the amplitudes we note that the relation noted in [31] at one loop
is valid to two loops for all α and for both the MS and RI ′ /SMOM schemes.
Anomalous dimensions.
In order to record these amplitudes we have determined the renormalization constants which were fixed by the RI ′ /SMOM scheme choice defined in [31] . These are encoded in the mixing matrix of anomalous dimensions which extends (2.8) and is
12 (a, α)
As a check on the derivation of these we ensured that the two loop MS matrix of anomalous dimensions emerged from the same Form programme. They agreed with the original computation of [32] which provided the matrix at three loops. However, that computation was performed with the use of the Form version of the Mincer algorithm, [51, 52] . There one could deduce the off-diagonal matrix element by choosing to route the single external momentum out through the operator insertion itself in contrast to the current computation where there are two independent momenta. As ∂W 2 is in essence the vector operator then the 22 element is equivalent to the vector operator anomalous dimension.
The RI ′ /SMOM scheme anomalous dimensions can be computed by a second method involving conversion functions. For an introduction to these see [35] . However, for level W 2 this is not as straightforward since one is not dealing with a multiplicatively renormalizable operator. Instead there is a matrix of renormalization constants and therefore the concept of a conversion function translates into a matrix of conversion functions. Formally, for W 2 this is
2)
The explicit forms of the elements of this matrix are straightforward to deduce and are 
where to avoid confusion we have labelled the scheme the variables are in explicitly. We have used the designation RI ′ for the variables on the left side of the equations as we use the definitions of [24] which were derived from renormalizing the 2-point functions of all the fields. With these definitions we have computed the conversion function matrix explicitly to two loops and find †
) † These together with the anomalous dimensions are also included in the attached electronic file. 
As the operator ∂W 2 and the vector current are in effect equivalent then both their anomalous dimensions and conversion functions are the same. For the latter case this is the 22 element of both matrices.
With these values we can now make a comparison with similar functions in the RI ′ scheme for the level W 2 . However, in order to do this we need to define the conversion functions from the renormalization constants. This is not as straightforward for RI ′ since the momentum configuration defining the scheme does not access the off diagonal elements of the full operator mixing matrix. Given that we have chosen to define our operator basis in such a way that this matrix is triangular it is possible to define and compare the diagonal elements of the conversion function matrix. As noted for RI ′ only the diagonal elements of the renormalization constant matrix exist and so we define the two conversion functions of interest as
The explicit forms were given in [24, 25] and in the Landau gauge we have the SU (3) numerical valuesC
Clearly the numerical values of the one and two loop corrections for the RI ′ scheme are each about 10% smaller than those for the RI ′ /SMOM scheme for N f = 2 and 3. However, it is not entirely clear whether this is a proper comparison in the sense that one is not necessarily comparing with respect to the same tensor basis. Equally the mixing matrices are not truly the same as there can be no off-diagonal element for RI ′ . Indeed it is probable that the convergence of the RI ′ /SMOM scheme result could be improved by a different choice of basis tensors or exploit the freedom in how one defines the RI ′ /SMOM scheme for this operator. That aside one does at least have the explicit forms of the amplitudes at the symmetric subtraction point at two loops in order to assist with lattice matching.
One benefit of the explicit forms of the conversion functions is that we can deduce the three loop RI ′ /SMOM scheme anomalous dimensions in the Landau gauge using the three loop MS expressions of (2.8). We have
12 (a, 0)
Again the final expression is the same as that for the vector operator. In numerical form we have
11 (a, 0)
for SU (3).
5 Discussion.
We have provided the complete set of amplitudes at two loops for the second moment of the Wilson operators inserted in a quark 2-point function in both the MS and RI ′ /SMOM renormalization schemes. This is not as straightforward a task in comparison with earlier work to this level, [28, 29] , as there is mixing with a total derivative operator. One of the aims of the original RI ′ /SMOM scheme was that the convergence of the conversion functions between these two schemes would improve compared with the RI ′ scheme. Indeed for the quark currents that appears to be the case. However, for W 2 if anything the RI ′ result seems to be converging marginally quicker. Though it is not completely clear if this is really an appropriate comparison. This is because the operator mixing simply does not arise in the RI ′ case due to the very nature of the momentum configuration used for the Green's function. Indeed given the lack of multiplicative renormalizability and hence mixing, it is not entirely clear what the status of the RI ′ scheme is for W 2 . It may be that RI ′ /SMOM is the only proper scheme to use of the two. Moreover, RI ′ /SMOM should not suffer the infrared issue associated with RI ′ , [27] . However, if one was concerned about improving the convergence of the conversion function it might be possible to exploit the freedom one has in actually defining the scheme. For the operator W 2 we used the channel 1 and 2 amplitudes as the basis for the renormalization conditions where these channels are defined with respect to a choice of basis tensors. This basis is by no means unique as one could equally choose another basis and hence use the analogous channels 1 and 2 there. As a variation one could instead use a different combination of amplitudes which equates to projecting by a linear combination of basis tensors. The advantage of this is that one would incorporate more information about the operator within the Green's function which is encoded in the other amplitudes. Whilst mathematically this is not inequivalent to a different choice of basis tensors, it would avoid the tedious reworking of the construction of the projection matrix and thereafter the running of the underlying computer algebra programmes. This is one of the reasons why we have provided the MS results so that an interested reader has the information for whatever scheme definition variation one might conceive. As was noted in [31] the renormalization of the next moment of the set of Wilson operators involves that of W 2 , because of mixing into a total derivative of W 2 itself. Therefore, our results for the anomalous dimensions, amplitudes and conversion functions for level W 2 will provide important checks on the n = 3 Wilson operator renormalization in RI ′ /SMOM, [53] . 
